Deep Learning

Eunbyung Park

Assistant Professor

School of Electronic and Electrical Engineering

Eunbyung Park (silverbottlep.github.io)

202
=l
TH
: o
2kl

‘ 1398 ;


https://silverbottlep.github.io/

The Chain Rule



Gradient Descent

* We are using gradient descent for training deep neural networks

* An algorithm to compute the derivatives of a loss function for deep neural
networks
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The Chain Rule

* A single variable chain rule

f,g,h:R->R @%%

fiheg
f'(x) =h(g(x))g' (x)

dz dzdy

=7 =g(x),z=nh
= dydx y =g(x) ()



Simple Example

fx,y,z) = (x+y)z

qg=x+y, f=gqz >®q=3

a—qzl a—qzl = f -12
ox dy

of of ;4

ag a9z 1
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Simple Example

df df 0f dq
fl,y,z) =(x+y)z dx Of 0q 0x
X -2
qg=x-+y, f=gqz >®q=3
0 0 =
o9 _, da_,
dx dy
of of z -4
ag a9z 1
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Simple Example

of 0f of aq
f(x,y,2) = (x+¥)z 0x  Of 0q 0x
X -2
qg=x-+y, f=gqz >®q=3
-4
0 0 y 2
A_q1 Ay
0x dy
of of 2 -4
ag 7 a9z 1
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Simple Example

fx,y,z) = (x+y)z

q=x+y, [f=4qz

0 0
A_q1 Ay
0x dy
of of
ag a9z 1

of 0f 0f 0q
dx Of dq ox
X -2
-4
-4
y 5
Z -4
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Simple Example

fx,y,z) = (x+y)z

q=x+y, [f=4qz

0 0
A_q1 Ay
0x ay
of of
ag a9z 1

of 0f 0f 0q
dy 0f dqoy
X -2
-4
-4
y 5
-4
Z -4
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Simple Example

of of of
f(x,y,2) = (x +y)z 0z Of 0z
X -2
g=x+y, f=4qz 4 >®q=3
d d v |
0a_, %a_,
0x dy
of of 4
ag 7 9z ! 3
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Sigmoid Example

1

1 4+ e~ WoXot+wix1+W3)

o(lx,w) =

1
f(x) = o glx) =1+ x, h(x) =e™*, i(x) = woxg + wixy +w,
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Sigmoid Example

1

1 4+ e~ WoXot+wix1+W3)

o(lx,w) =

1
f(x) = o glx) =1+ x, h(x) =e™*, i(x) = woxg + wixy +w,
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Backpropagation Algorithm



Gradient

* In vector calculus, the gradient of a scalar-valued differentiable function
f:R™ = R at the point x

of [of  of

. RN n \V,
V/:RE =R /= ox ax1 Gxn



Jacobian

* |n vector calculus, the Jacobian of a vector-valued differentiable function is
the matrix of all its first-order partial derivatives.

f:R" - R™
oK 9%
of, dx4 0x,,
Jij =3 J=| ¢ =
£ Om . m
| 0x4 0x,,




Matrix Calculus

XEeERY™M yeR

dy

f: R™M = R O_y B a):(ll
x| 5,
y = f(x) 0X,4

E ]RnXm



Matrix Calculus

X € R™™ y e R
f: Rnxm N Rl

y=f(x)

0X

A%
oy, _| %%
0X 9y,

10X,,1
a_y € Rlxnxm

dy;
0X1m

dy,

0Xnm.

E ]RnXm

(3 dim tensor)



Finite Difference

 Numerical method to compute the gradients based on the definition of

gradients

df _ . fEHh) — f()
— 1m

dx - h—-0

h

df _ flc+A) = f(x)

dx

df _ fG0) - flx - ax)

dx

ﬂNf(x+Ax)—f(x—Ax)

dx

Ax

Ax

20Ax

Forward
difference

Backward
difference

Central
difference



Finite Difference

 Numerical method to compute the gradients based on the definition of

gradients

df _ . fEHh) — f()
— 1m

dx  h-0 h

What’s wrong with this
approach?

df _ flc+A) = f(x)

dx

df _ fG0) - flx - ax)

dx

ﬂNf(x+Ax)—f(x—Ax)

dx

Ax

Ax

20Ax

Forward
difference

Backward
difference

Central
difference



The Chain Rule
 Multi-variable chain rule
f,gl,gz:R_)R, h:[RZ_)R

V1 = g1(x), V2 = g2(¥)

Z = h(y1;y2)

dz dz dy, dz dy,

dx dy, dx +dy2 dx




The Chain Rule

 Multi-variable chain rule
x€ERyeR,zeR

g:R->R",  y=g(x)

g(x) h
h:R" >R, z=h(y) @ ’ 7 @

E ]:Rnx1

0z O 0z dy; 020y

a__layidxzayax @
1=

E Rlxn

& ®




The Chain Rule

 Multi-variable chain rule
x€eERY,yeR™zeR
g:R*" > R™,  y=g(x)

h:R™ - R, z = h(y)

€ Rmx1

m
0z dz dy; 0z Oy
6x] e 6yl (')x] ay 6x]

€ Rlxm
€ Rmxn

m m
0z z 0z 0vy; dz dy;| 0z0y
ox | 1ayi(3xl' 4 1ayiaxn ~ dy 0x

i= i=

E Rlxm



Two Layers MLP

x€E R yeR™MzeR W eR™" peR™

m

y = Wx z=zviy,;=va
i=1
€ Rmxl

m
0z 0z dy; dz dy

6_xj B = 6yl ax] B @ax]
€ Rlxrn
= Rmxn

m m
0z 0z 0y; 0z 0y; 0z 0y -
) o T )
dx - dy; 0x4 - dy; 0x,| Jdyodx

l= 1=

E Rlxm




Derivatives of Linear Layer



Two Layers MLP

x€€E R yeR™MzeR W e R™" peR™

m

y=Wx Z=2vi)’i=va
=1
E ]Rmxn
(= Rmxmxn
z — %a_y Tensor Product
ow dy oW (n-mode product)

€ Rlxm




Tensor Product

* N-mode product
* Matricization -> matrix multiplication

€ ]:Rmxn (= Rmxmxn

d0z 0z Oy
oW  dyow

1Xm 1xm




Vector Jacobian Product (VIP)

e Jacobian is very sparse and explicit formation of it is too expensive

x ER"y€eR™zeR W e R™" peR™

y=Wx
oy _
ow
€ Rmxn

dy,
ow

E Rmxn

%

dy,

-a Wml

A%

dy,

OWim1

dy; |
oW,

dy,

OWnn.

dy, |
oW,

dy,

OWnn

-




Vector Jacobian Product (VIP)

e Jacobian is very sparse and explicit formation of it is too expensive

x ER"y€eR™zeR W e R™" peR™

y=Wx

0

h 7
reshape <0W

€ Rmxmn

y>=

[ 0y,

0

0

dy,
oW,

0 0 0 0
dy,
0 0 0
oW,
dy; dys
0 0 0 0




Vector Jacobian Product (VIP)

e Jacobian is very sparse and explicit formation of it is too expensive

0z b (3y
—resnape
ay O PE G
dy1 dy1
0 0 0 0 0 0
oW14 OW1y
dz 0z 0z 0 0 0 Y2 . 9y 0 0 0
dy, 0y, 0Ym IWar IWan 3 3
0 0 0 0 0 0 V3 Y3
0 0 0 0 0 0 0 0 0
dz 0y, dz dy; 0z 0y, dz dy,

- a_ylaWn 0y, OWin 0y, 0Wyy dy, Wy,




Vector Jacobian Product (VIP)

e Jacobian is very sparse and explicit formation of it is too expensive

dz 0z dy 0z dy
= =reshape | —reshape | —

oW  dyow 0y ow
([ aZ ayl aZ ayl aZ ayz aZ ayz ])
— reshape
dy, 0Wy, dy, OWy,, 0y, W5, dy, oWy,
[ dz 0dyy dz dy; 1 [0z 0z
coe _x eeoe _x
0y, OW14 0y, OW1y dy1 ' dy, " <aZ>T .
= E -.. E — E ... E — o X
oz Ay, oz Ay, 0z 0z oy
coe _x eeoe _x
-aym anl aYm ann- -aym ! aym "




Vector Jacobian Product (VIP)

* Explicit formation of Jacobian is too expensive

x€€E R, yeR™MzeR W e R™" peR™

m
y=Wx Z=2viYi=va

=1

€ R™*" mxmxn € RMXN
€ R
aZ _ aZ ay aZ <aZ>T .
ow dyow Va3 X
lexm aW ay € Rlxn
€ Rmxl

. . . d . .
We almost never explicitly construct Jacobians (ﬁ). We instead directly compute

tor-Jacobian product (VIP, 22 22y j ficient way ((22)  x7)
vector-Jacobian proauc ' 9y oW In Mmore errficient way e X



Vector Jacobian Product (VIP)

* Elementwise activation functions

y € R™,y € R™

m
y=0) z= Evif’i =v'y
i=1
€ Rlxm R € Rmxm _@ O 0 |
dz 0z 0y 0y |
ay ~ 09 0y 7 RN
= Rlxm 0 0 ay
o(y)(1—0()) O 0
- 0 0
0 0 o(¥m)(1—0(m))




Vector Jacobian Product (VIP)

* Elementwise activation functions

€ ]Rlxm e RmMxm
dz 0z0y ay
dy 070y Iy
= Rlxm

Element-wise product
E Rlxm

0z Ozl

=550 (c0(1- o))

E Rlxm

0

0y,
0

0

0

0

0

N

0Vm

0Ym.

o(y)(1 — (1)) 0 0

0

0

: 0
0 o)1 —o(m)))




Automatic Differentiation



Automatic Differentiation (AD)

* A procedure for automatic evaluation of derivatives of arbitrary algebraic
functions

* Backpropagation == reverse-mode AD



Reverse-Mode AD (a.k.a Backpropagation)

fi:R™ - R™2 b=f(a)
c=g(b)
g:R™ — R™s d = h(c)
e = i(d) de
h: R™ — R™ —7
da
i:R™ - R

Loss function:
scalar function



Reverse-Mode AD (a.k.a Backpropagation)

E Rle e IR].XTL;}

de B de de de

= =1—
f: R — Rz h = f(a) dad de dd dd
¢ =g(b)
g:R™ — R™s d = h(c)
e =1i(d)
h:R"™ — R™
i:R™ - R

Loss function:
scalar function



Reverse-Mode AD (a.k.a Backpropagation)

€ Rlxl € Rlxm

de B de de de

= =1
f:R™ - R" b = f(a) dd Odeadd od
C = g(b) € R1XNag RNaXN3
g:R™"2 — R"3 d:lh(c) 58_0eaead_aead
h: R — R4 © 7 l(d) ac B ae ad aC N ad aC
:R™ - R

Loss function:
scalar function



Reverse-Mode AD (a.k.a Backpropagation)

f:R™ — R™2
g:R"z - R"s
h:R"™ — R™

i:R"™ - R

Loss function:
scalar function

b=f(a)
c=g(b)
d = h(c)
e = i(d)

E Rle E IR].XTL4.

Oe_aeﬁe_lﬁe
od 0dedd ~ ad

= Rl XMy € Rn4 XNg

ae_aeaead_aead
dc 0dedd dc dd dc

€ [Rlxn3e Rngxnz

ae_aeaeadac_aeac
b 0edd dcdb dcdb




Reverse-Mode AD (a.k.a Backpropagation)

f:R™ — R™ b=f(a)
c=g(b)
g:R™ — R™s d = h(c)
e =1i(d
h: R —» R4 @
I:R"™ > R

Loss function:
scalar function

E Rle E IR].XTL4.

ae_aeae_lae
od 0dedd ~ ad

€ Rl XMy € Rn4 XNg

ae_aeaead_aead
dc 0dedd dc dd dc

Vector-Jacobian
Product (VJP)

€ ]:Rlxnge Rngxnz

ae_aeaeadac_aeac
b 0edd dcdb dcdb

E Rlxnze anxnl

6e_aeaeadacab_aeab
da 0edd dcdbda 0bada




Reverse-Mode AD (a.k.a Backpropagation)

E R3X3 E IR?)XTLLL

ae_aeae_(l) (1) gae 3X
f:R™M — R™2 p = f(a) od odedd 00 1 ad Computation
C = g(b) € R3XMag RNaXN3
g:R™ — R™ d = h(c) de 0Oededd dedd
h: R — R © l( ) dc de dd dc dd dc
= R3Xn36 RM3%"N2

i: R - R3 de dededddc Odedc

L db 0dedd dcdb dcdb

What if i is

vector-valued function? € R3*Mz2e R"2XM

6e_aeaeadacab_aeab
da 0edd dcdbda 0bada




Reverse-Mode AD (a.k.a Backpropagation)

E R3X3 E IR?)XTLLL

de

f:R™ - R™ b= f(a) od
¢ =g(b)
g:R™"2 —» R"3 d = h(c)
e =i(d)

h: R"3 — R"4

i:R™ - R>



Forward-Mode AD

single variable

f:R—-> RM
g:R™ — R™2
h:R"2 - R"3

L:R™ — R™

b=f(a)
c=g(b)
d = h(c)
e = L(d)

E RTlle E R]_Xl

ob 0bda 0b
da Odada da



Forward-Mode AD

E RH]_X]. E ]R]_Xl

single variable db o0bda 0b
rhowe  bep@ 94 3ada"da

C = g(b) e R%2X"1 ¢ Rl
g:R™ — R" d = h(c) dc dcdbda  dcdb
e aws Y 3a” 9boada  abaa

L:R™ — R™



Forward-Mode AD

E RTlle e ]Rl)(l

single variable db o0bda 0b
[R->R™M b=f(a) £_ﬂﬂ_%
C = g(b) e R%2X"1 ¢ Rl
g:R" — R"2 d = h(c) dc dcdbda  dcdb
e aws Y 3a” 9boada  abaa
= Rn3xn2 € anxl
L: R™ — R™ dd 0dddcdbda ddac

da  9cdbdada Odcda



Forward-Mode AD

single variable

fR->R™M
g:R™ — R™2
h:R™2 — R™3

L:R™ — R™

b=f(a)
c=g(b)
d = h(c)
e = L(d)

ab_
oa

dc

£=

6d_
oa

de

az

E RTlle e Rle

dboda 0b Jacobian-Vector
5a9a " 9L Product (JVP)

€ ]:anxnl € ]:Rn1><1

dcdbda dc db

db dada _ 0b da

= Rngxnz e RnZX1

dd dc db da B dd dc
dc dbdada dc da

€ Rn4><n3 = Rﬂg)(l

de dd dc db da B de dd

dd dc b dada  9d da



Forward-Mode AD

fiR3 > R™ b= f(a)
= g(b)
g:R™ — R™2 d = h(c)
e = L(d)
h: R™ —» R™s
L:R"s —» R™

What if input is
Multi-variables?

b

da

dc

£=

ad

£:

de
6a

E Rn1><3 e R3X3

obda  db (1) (1) 8] 3 X
— A A T 4 Computation
da aa da 0 0 0

€ R2X1 g R™1%3

dc db da B dc db
obdada 0dbda

E ]:Rn?)xnz e anx3

dd dc db da B dd dc
dc dbdada dc da

€ Rn4><n3 = Rn3><3

de dd dc db aa de dd
dd dc db da aa dd da




Automatic Differentiation (AD)

* For low dimensional outputs and high dimensional inputs
* Objective function w/ deep neural networks
* reverse-mode AD

* For high dimensional outputs and low dimensional inputs
* Forward-mode AD



Computational Graph

to
t1
t2
t3
t4
t5
C

X - m
t0 / s

np.log(s)
t1**2

t2 + np.log(2 * np.pi) / 2

t3 / 2
t4 + t5

subtract

e aivide 4.@_.

square

OSET S OWy

add

divide

8

add -—b<:::>

i

https://matt-graham.github.io/



Automatic Differentiation

Forward-mode Q Q Reverse-mode
Q @ DAG Q @ AD AD

subtract JVP (subtract) (¥, m) VJP (subtract) m
divide JVP{divide) (0, =) VJF (divide) (£0, s)
@ @ log(2%pi) / E(log) (3) vJP (log) (=5)
square add JVE (sguare) (tl) VJP (square) (tl)
2 (add) (t2, log(2*pi)/2) VJIP (add) (t2, log(2¥pi)/2)

divide e (divide) (£3, 2) VJE (divide) (£3, 2)

add (add) (t4, t3) VIP (add) (25, ©4)

O ©

https://matt-graham.github.io/
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