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Gradient Descent



1D Gradient Descent
f(x) =x* f'(x) =2x
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x* =0 =argmin f(x)
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1D Gradient Descent
f(x) =x* f'(x) =2x
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x < x—af'(x)



1D Gradient Descent

f(x) = x? o
f'(x) =2x

xg =8.7,aa=0.2 407
x < x—af'(x) "
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1D Gradient Descent

f(x) = x2 o
f'(x) =2x

X = 8.7, = 0.9

x < x—af'(x)
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1D Gradient Descent

f(0) = x? 00
f'(x) = 2x o

Xy = 8.7, = 1.05

200 1

x < x—af'(x)




2D Gradient Descent

f(x1,x) =x

f+ x5
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2D Gradient Descent

f(x,%2) = %7 + x3

X, = [8.7,-7.9],a = 0.1

x < x—aVf(x)
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2D Gradient Descent

f(x,%2) = %7 + x3

xo = [8.7,—=7.9],a@ = 0.9

x < x—aVf(x)
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2D Gradient Descent

f(xq,x3) = 0.5x% + 2x5 + x1 x5

xo = [8.7,-7.9],a = 0.2

x < x—aVf(x)
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Steepest Descent

* ‘The negative gradient is the direction of steepest descent’



Directional Derivatives

* The gradient vector is a vector of partial derivatives

* It represents the instantaneous rates of change of the function f w.r.t one of its

variables

0 e : .
. ai_ : how much f changes as x; change while fixing other components at any given point
L

* Directional derivative is about how much f changes as all components change together
at any given point

_ - a Xo + h; — X0,
g a_f(xo»J’o) _ }llimf( 0 }’oi)l f (X0, Y0)
Vf . ox X 0 (partial derivative)
— af
|0y | D, f(x0,yq) = limf(xo + u h, yo + uzh) — f(x0, Yo)
(gradient) u 0,Yo) = h—0 h
(directional derivative)

u = luy,ul, lull =1 (unit vector)



Directional Derivatives

Duf =fr if u=[10]
_ Dy, f (x0,¥0) = Vf(x0,¥0) - u
Duf =fy ifu=1[01]

X = Xo + huy, y = Yo + huy, g(h) = f(xg + huy,yo + huy)

: g —g0) . flxo+ huy,yo + huy) — f(x0, o)
g'(0) = lim =————-5 = lim —————— "5 = D f (xo, o)

(by gradient definition)

_ ofox ofdy
g'(h) = 3% 9N + 9y oh = fx(xo + huy, yo + huy)uy + £, (xo + huy, yo + huy)u,

(multivariate chain rule)

g'(0) = fr(x0,y0)us + f,(x0, yo)u



Directional Derivatives

a-b =|lalll[bllcos(&)
Dy f (x0,¥0) = Vf(x0,¥0) - u = |IVf(x0, yo)llllullcos(8) = ||Vf (x0, y0)Icos(8)

* When 6 = 0,cos(8) = 1,D,f is maximized, u is the direction of steepest ascent

= Vf (x0,Y0)
IV Cxo, yo)ll
* When 6 = m,cos(0) = —1,D,f is minimized, u is the direction of steepest descent
Vf(x0,¥0)

IVE (o, yo)




Taylor Expansion View

* Taylor Expansion

!/ X 1’ 77
flx+Ax) = f(x) + Axfl(' ) + szf 2('x) + Ax3f ng) + .-
fx+Ax) = f(x) + Axf 1('x) + 0(Ax?) (First order approximation)
' Ax is small
fx+Ax) = f(x) + Axf 1('36) + Ax? f 2('x) + 0(Ax3) (Second order approximation)
flx+Ax) = f(x) + AxTVF(x) + AxTV?f(x)Ax (Multivariable, second order

approximation)



Taylor Expansion View

* Taylor Expansion

f'x)

fx+Ax) = f(x) + Ax + 0(Ax?) (First order approximation)

/

1!

f(x)

> f(x) + Axf'(x)

J.C x + Ax



Taylor Expansion View

* Taylor Expansion
flx+ Ax) = f(x) + Axf'(x) + 0(Ax?) (First order approximation)

One-step gradient descent

O —af' () = f(x) = af"*(x) + 0(a®f"* (x))
~F@ - af W+ 0@ A®)
< f(x)

It’s descending



Stochastic Gradient Descent



Gradient Descent in Deep Learning

* Batch gradient descent

N N
1 . 1 . .
L(O) =7 1O@) =2 ) Ly, F(x®,0)
i=1 =1

N is usually large
1% 1%
VL(O) = Vﬁz LW = Nz VLW (0) 0 is usually high dim, e.g. millions
i=1 i=1

F is computationally expensive
0 :=0—aVL(0)



Stochastic Gradient Descent

* Estimating gradient given a single training example

6 =0 —aVL(0) > 0:=60—aVLW(H)

* It is an unbiased gradient estimation
* Assuming i is randomly sampled

N N N
E; VLD ()] = z VLO (0)p(i) = z VL(")(H)% = %z VL®(0) = VL(6)
=1 =1 =1



Stochastic Gradient Descent

Lecture 6 Optimization for Deep Neural Networks - CMSC 35246: Deep Learning (ttic.edu)



https://home.ttic.edu/%7Eshubhendu/Pages/Files/Lecture6_flat.pdf

Stochastic Gradient Descent

* SGD has higher variance, so slower convergence
* Hard to exploit parallel computations
* Group few training examples, called mini-batch

0:=60—aVL(0) Batch gradient descent

6 =60 —aVL®(6) Stochastic gradient descent

60:=0—-a« EZ vL®) (9) Mini-batch gradient descent

LEB



Batch Size

* Small batch has higher gradient noise, which could result in avoiding
overfitting to local minima

Mini-batch
gradient descent

Batch
gradient descent




GD with Momentum

* ‘Heavy’ ball rolling down the hill
* Smoothing the trajectory and accelerating

1-

X2
I
|—'I
X2
o

— I _* T 1 _=I 1
’ —4 -2 0 —4 —2 0
x1 x1
Gradient descent Gradient descent w/ momentum

11.6. Momentum — Dive into Deep Learning 0.17.0 documentation (d?2l.ai)



https://d2l.ai/chapter_optimization/momentum.html

Exponentially Moving Agerage (EMA)
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Figure from Stochastic Gradient Descent with momentum | by Vitaly Bushaev | Towards Data Science



https://towardsdatascience.com/stochastic-gradient-descent-with-momentum-a84097641a5d

GD with Momentum

Momentum parameter, higher the more history

Uy < :th—l + VL(Ht) Exponentially moving average of gradients
Oi1 < 0 —av; . — beta05
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Figure from Stochastic Gradient Descent with momentum | by Vitaly Bushaev | Towards Data Science



https://towardsdatascience.com/stochastic-gradient-descent-with-momentum-a84097641a5d

Adagrad

* Accumulating the history of gradient square

* The higher, the more gradient magnitude has
been observed

* The smaller, the less gradient magnitude has St < S¢g_1 T+ VL? (6¢)
been observed

e Coordinate-wise learning rates o
© Orr1 < 0 — = O VL(6:)

* Roughly speaking, each learning rates divided \/St +
by accumulated gradient

* The higher past gradient magnitudes, the lower
the learning rates



RMSprop

* Root-Mean-Square Prop

* Fixing the issue in Adagrad that s; grows
w/o bound

2 Exponentially moving average of
St < lBSt—l T (1 o ,B)VL (Ht) gradients squares

a
8t+1<_6’t_\/s +E® VL(6,)
t



Adam

* Combining ‘momentum’ and ‘RMSprop’ together

Ve & P1Ve—1 + (1 — B1)VL(6;)

St < BaSe—1 + (1 = B2)VL?(6)

B, = 0.9, 3, = 0.999



Bias Correction

* If we initialize vy = 0, then v; will be smaller in the early training phase

~ S
Uy < P1Ve—1 + (1 — B1)VL(6;) U = :

1-p;

t ~
S
g

St < B2Se—1 + (1 — B2)VL*(6;)

a R 10
Orp1 < 0 ———= O 7;
S¢ T € "
0.6 1
0.4 1 —8— Example Time Series
—e— Exponential Moving Average (beta=0.8)
0.7 - —e— Bias-Corrected Exponential Moving Average (beta=0.8)
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Figure from Recap of Stochastic Optimization in Deep Learning (part 1) | by Alex Grigorevskiy | Medium



https://medium.com/@alexander.grig/recap-of-stochastic-optimization-in-deep-learning-5a0edf817b29

Example

10 __MNIST Multilayer Neu[al Network +rdrop0ut CIFAR10 ConvNet
L |I "-I . , T | | T T T T T
E Y : : — AdaGrad , e 5 : — AdaGrad
1\5& H'ﬂ. 5 5 —  RMSProp 1 ; ; ; — AdaGrad+dropout
A 5 : —  SGDNesterov || —  SGDNesterov
AdaDelta 1! boooii | — SGDNesterov+dropout ||
Adam : : : —  Adam
——  Adam+dropout
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iterations over entire dataset iterations over entire dataset
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